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D I F F E R E N T I A L  T R A N S F E R  E Q U A T I O N S  F O R  

M U L T I P H A S E ,  M U L T I C O M P O N E N T  M E D I A  

V .  I .  P a v l o v  UDC 532.529:541.124 

T r a n s f e r  equations of m a s s  and momentum are  obtained for  s ing le -phase ,  s ingle-component  and 
for  mul t iphase ,  mul t icomponent  media  with account taken of substance change. S imi lar i ty  c r i -  
t e r i a  for  these media  a re  analyzed.  

Inves t igat ions  of t r a n s f e r  p r o c e s s e s  in mul t iphase ,  mul t icomponent  media a re  topical  p rob lems  in view 
of the i r  wide application.  

A cons iderable  p a r t  of the invest igat ions was extended in [1]. Fur the r  development  was ca r r i ed  out in 
[2, 3]. In [2], t r a n s f e r  p r o c e s s e s  in a two-phase  mul t icomponent  medium are  desc r ibed  and a the rmodynamic  
analys is  is c a r r i e d  out. The adopted a s sumpt ions ,  however ,  l imi t  the range of applicat ions for  the obtained 
equations.  

In the p r e s e n t  a r t i c le  the t r a n s f e r  of m a s s  and momentum in a mul t iphase ,  mul t icomponent  (n, m) m e -  
dium is desc r ibed  in accordance  with the concepts of Sedov [4, 5], frui tful ly applied by him to develop the 
mechanics  of the mul t iphase  media  [1]. 

Le t  us consider  a volume e lement  of the medium with cons iderably  s m a l l e r  d imensions  than those of the 
phase  e lements .  

I t  is a s sumed  that  the t r a n s f e r  of a substance (mass ,  momentum) within a separa te  component ,  phase ,  
or  mix tu re  can be desc r ibed  s i m i l a r l y  as for  a solid med ium,  but now the substance t r a n s p o r t  between the 
phases  or  components  in this continuum is a lso  taken into account.  

In con t ras t  to other  invest igat ions [2, 3], no r e s t r i c t i ons  a re  imposed  as r ega rds  the effect  of the shape,  
the number  of phases  (the number  of phases  n - 1), or  the number  of components  (the number  of components 
m - 1). The phases  may be continuous or  d i sc re te .  The e l emen t s  of any phase  may in te rac t  e i ther  with the 
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elements  of another phase or  among themselves.  It is assumed that chemical react ions only take place within 
a phase,  that is ,  surface chemical react ions are  regarded  as leaking in d i rec t  contact though not on the in ter -  
face boundary. Since various technical application changes of substances are  of in teres t  both for  an individual 
component in an individual phase o r  medium and also for  individual phases or  media as enti t ies ,  t ranspor t  dif- 
ferential  equations are  deduced for  each case. 

1. C o n t i n u i t y  E q u a t i o n s  

1.1. For  the t rans fe r  of the k-th component of the i- th phase of a multiphase flow one can wri te:  

the flow rate of the mass  of the k-th component of the i- th phase ac ross  the surface S of the volume V, 

( ,JTk 8) ds; 
s 

the mass  inflow of the k-th component of the i- th phase f rom other phases in the volume V, 

--.I J~-kdV; 

the mass  inflow for the k-th component with t ranspor t  of other components into the i- th phase:  

- S J "  . k -  dV. 
v 

The density change is 

dx ~#*kdV" 
v 

The law of substance conservat ion is 

dr 
v 

~,~p~kaV-~ ~ (~ i ~ p ) d S - -  ~ (J$k- + JT~-k) = 0. 

s v 
(1) 

then 

The Leibnitz formula for the total derivative is applied, 

d_~dr. ~ ~#~r'dV" = ~ O~Plhdx dV + f ~Pi~ (v~6p)dS; 

v v 

0 

V S S V 

By applying the O s t r o g r a d s k i i - G a u s s  formula ,  

(2) 

one obtains 

(3) 

dS = S (v.a) dr, (4) 
$ v 

ikk J~-k dV = O. 

v 

The continuity equation for  the k-th component of the i-th phase is 

(5) 

d 
~P~ + ~iP~kV" v i k -  jm - -  ikk- - -  J , - k  = O. (6) 

dz 

The express ion for the mass source for the k-th component with interaction with the remaining compo-  
m nents of the i - th  phase (Jii~k) can be determined f rom the relat ions descr ibing chemical react ions in a homo-  

geneous medium. The mass  of the k-th component which has passed ac ros s  the phase boundary j m  i i -k  is 
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r ep resen ted  by the sum of masses  of the phase t rans i t ion,  coa lescence ,  or  dis integrat ion.  When analyzing 
p roc e s se s  in a specif ied motion [6] the re la t ions  for  determining J ~ - k  must  be suitably se lected in each indi-  
vidual case.  

1.2. F o r  the t r anspor t  of the k-th component in the (n, m) flux with Z j m  = 0 and 
ii-k 

i 

one obtains in a s imi la r  way 

i 

(~,P~k) + ~PlhV'V~ + g~ j~ --J~nk- = 0. (7) 
i 

If one sets  

Ok 

i Uh 

one obtains 

0 
a-T ok + v .  ok v k -  J ~ -  = o. (8) 

Equation (8) has a formal  charac te r ,  whereas  (7) re f lec ts  the complex charac te r  of the t r ans fe r  of the 
k-th component in the mult ivelocity continuum. 

m 1.3. For  the t r ans fe r  of the i - th  phase* in a multiphase flux with ~ Jik,k _ =  0, ~ Jm_k= Jmii_, and 

Z ~ik,i = 1, where r = Pik/Pi, one obtains 
k 

d 
dT ~ iOi -~ iP iV 'v i - - J~-~-0"  (9) 

Consequently,  when de termining  the mass  t r ans fe r  of each phase in the medium,  the t r ans fe r  ac ross  the 
in ter face  of all phase components must  also be taken into account. 

1.4. For  mult iphase flux one has 

i 

and denoting ak/~ = Ck, Z Ck = 1, 
k 

Z0kVk = Z Z   ,0,k'ik = Z 
k k i / 

*If the e lements  of the i - th  phase differ  in thei r  geometr ic  or  physical  cha rac t e r i s t i c s ,  one has to descr ibe  the 
t r ans fe r  p r oc e s se s  for  each j - th  group of identical e lements  of the i - th  phase.  If there  are  p such groups,  
then there  are  p continuity equations: 

d rn j m 
d'c 

1075 



o n e  h a s  

Op + V.pV = O. 
O~ 

(11) 

2 ,  E q u a t i o n  o f  M o m e n t s  

2.1. We obtain the equation of momenta for  the k-th component of the i - th  phase of the medium. 

The momentum f rom the k-th component of the i - th  phase ac ross  the surface  S of volume V is 

The effect  of the externa l  surface  forces  on the k-th component of the i - th  phase in the volume V is 

~B~ .f [P~@m] d S .  

The effect  of the externa l  mass  fo rces  on the k-th component of the i- th phase in the volume V is 

It 

An increment  of momentum of the k-th component of the i - th  phase with mass  and momentum inflow f rom 
other  components of the i - th  phase is 

~" (--.~a-) dV. 
It  

An increment  of momentum of the k-th component of the i - th  phase with mass  and momentum f rom other  
phases in the volume V is 

S ( -  "~'- ~) av. 
V 

An inc rement  of momentum according to the conservat ion law of substance is 

dr ,  . " s 
Y S V 

One finds af te r  t ransformat ions  s imi la r  to those in Sec. 1.1, 

d j,,, 
$}~PtA ~ -  v~k + ~lVPlk + ~ V ' a t ~  - -  ~ iP~ Flk + ( ~kk- + JT~-k) vi~. - -  Jikk- - -  JT~-k = O. 

(12) 

(13) 

2.2. Similar ly  for  

r i 

the different ial  equation for  the momentum of the k-th component of a mult iphase,  mult icomponent  flow is 

d 
Z {~#u, ~ v,k + ~VP,k + ~,V'~t~ - ~#,hF,~ + (d~k- + J~-k)v~}--J~k- =0. 

If one sets  v~k = vk + v ~ ,  ~ PWP~k = VPk, 

l i 

and bearing in mind that 

(14) 

~ie~h v~k = phv~, ~ ~p~vA~ = 0, 
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o n e  o b t a i n s  

0 
p~. -~- v~ + p~v~. VV~ + VP~ + V" ~ - -  p~F~ + J ~ -  v~ - -  J~-  + J ~  = 0. (i5) 

In the above 

J~i~ ---- . ~p~ ~ vai~ + ~ip~v~-vvai ~ -[-, [~P~V~'VVA~ + [I~p~UvA~..VV~. + ( i~ -  + Vai~)]. 
( 1 6 )  

The las t  t e rm of (16) ref lects  the difference in the t ranspor t  of momentum of the k-th component in a 
multiphase medium as compared with the t rans fe r  in a s ingle-phase medium. 

2.3. For  the equation of the momentum of the i- th phase with 

k & k 

k k k 

one obtains 

d jm [~p~ v~ + [~iVP~ + I~V'o~ + JT~- v~--J~- --[~pY~ + ~ (J~"~- + .-~) va~ = 0. (17) 

If in the par t icu lar  case of the two-phase medium one neglects the p res su re  change as well as the dynam- 
ic and iner t ia l  effects of the diffusion ra tes ,  one obtains the equation of motion derived in [2]. 

2.4. For  the equation of momenta of a multiphase,  multicomponent flux with 

= - -  ( ih~- + ,-k) vai~] = 0 (18) J~i- 0, ~p~ v~+~Npi + ~iV-e~ + J~-vi [~iP~F~ + ~,  J~ J~ 
L i 

and if one sets 

then 
0 

P ~ v - ~ P v ' V v +  VP-}- V ' (~- -PF+ J ~ : 0 ,  (19) 

where 

o 
JX~ = I~Pa -~- vat + I~piv'vvai + I~p~v~-Vv~t + I~piv~" VV -- ~ (JThk- + JT~-k) YaM. (20) 

i k 

The las t  t e rm of (19), that is ,  JqAi' ref lec ts  the dynamic andinert ial ,  effectsdue to the relative velocit ies 
VAi of the phases and the diffusion ra tes  of the components Vdik. 

Thus,  the obtained equations of the t ransfer  of mass  and momentum together with the energy equations 
not d iscussed in the present  ar t ic le  provide a sys tem of equations descr ibing the t ransfer  p rocesses  in the 
(n, m) medium regarded as a continuum. This sys tem can be completed by adding to it the thermodynamic 
relat ions of the phase state and of the components and the relat ions for determining the substance on the in te r -  
face and in the phases.  These relat ions may be quite different,  since they are determined by the s t ructure  of 
the specific (n, m) medium. 

In applying the above-der ived t ransfer  equations of mass  and momentum to descr ibe p rocesses  taking 
place in a specified medium one can ignore the corresponding t e rms ;  in this way one obtains equations which 
are  of more  special ized charac te r ,  but can be fair ly easi ly solved. 

Using the t ransfer  equations for mass  and momentum in an (n, m) medium and the conditions of the iden- 
tity of the equations for  two s imi lar  p r o c e s s e s ,  one can easi ly obtain cr i ter ia  whose numerical  values are 
equal. 
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1. S i m i l a r i t y  C r i t e r i a  f o r  M a s s  T r a n s f e r  

1.1'.  Fo r  the k- th  component  in the i - th  phase  of the flow one has 

J~ J7~-I, l 
v~x = Ho~k; ~kh-/ =M~hh-.~k; - - ~  =M. -k ,~k-  

1.2' .  Fo r  the k- th  component  of the i - th  phase  m-componen t  flow one has  

i = H~ ~ = M ~ - , ~ .  PhV~ 

1.3 ' .  F o r  the i - th  phase  in the (n, m) flow one has  

m l 
~J(r J ~ i -  : M ~ -  , i .  

1.4'.  F o r  the (n, m) flow one has  v r / / =  He. 

In the four  cases  of m a s s  t r a n s f e r  in the (n, m) medium under considera t ion the c r i t e r ion  known f r o m  
the continuity equation of s ing le -phase ,  s ing le -component  media  a s s u m e s  dif ferent  va lues :  in Sec. 1.1' H o ~  
is the ra t io  of the change in t ime of the local  densi ty  of the k-th component  in the i - th  phase  to the densi ty  of 
the k-th component  when the veloci ty  is Vik; Ho~ 1 in Sec. 1.2' is the same  ra t io  for  the k- th  component  in the 
medium for  the veloci ty  Vk; Hoi "l in Sec. 1.3' is for  the i - th  phase  of the medium for  v i ;and He in Sec. 1.4 
in the medium for  the veloci ty  v. 

The following re la t ion  ex i s t s  between these c r i t e r i a :  

i i k k k i 

Thus ,  in the case  of a mul t iphase ,  mul t icomponent  medium the c r i t e r i a  He,  Hoi and Hok a re  der ived 
f r o m  the c r i t e r i a  Hoik. In the case  of a mul t icomponent  med ium,  He is der ived  f r o m  HOk, but in the multi-: 
phase  case  it  is  der ived f r o m  He i. 

The s i m i l a r i t y  of the t r an s f e r  p r o c e s s e s  of m a s s  for  the k- th  component  and for  the i - th  phase  in an (n, 
m) medium requ i r e s  a lso  the equali ty of the spec i f ic  (for this case) d imens ion less  complexes  Mik ,k - , i  k, 
Mi i - , k , i k ,  M i i - , i ,  and Mkk- ,k  in addition to the numer ica l  equali ty of the homochronic i ty  c r i t e r i a .  They r e -  
p r e s e n t  the ra t ios  of the changes in the densi ty  of the components  for  the phase  due to the ex is tence  of m a s s  
s o u r c e s  to the i r  densi ty with the co r respond ing  velocity.  

The s imi l a r i t y  in the t r a n s f e r  of the k- th  component  in the i - th  phase p r e s u m e s  that the equal i ty  of the 
values  of the complexes  Mik k -  and Mi i - , ik  was  obse rved  for  m a s s  sources  with chemica l  reac t ions  and for  
phase  t r ans i t ions ,  respec t ive ly .  In the t r a n s f e r  of the i - th  phase  and of the k-th component  in the medium it 
suff ices  to obse rve  that Mii - , i  and M k k - k  a r e  equal.  The re la t ions  which a re  opera t ional  he re  a r e  

M,~- . ,k  ~,k.k V,k ~ Ma-k.,k*ih., V,~ 
f 

2 ' .  C r i t e r i a  a n d  E q u a t i o n s  in  D i m e n s i o n l e s s  F o r m  

f o r  t h e  M o m e n t u m  ( T i m e  I n t e g r a l  o f  F o r c e )  o f  

t h e  M e d i u m  

2.1 ' .  Fo r  the k- th  component  of the i - th  phase  the following is obtained: 

t Y q  
-a-,~ l = D.-h. ik ,  Vtkl: l . . . .  H~ v~k Pik 

J ; ~ k -  
P~h = Eu;k , v~kpi~.~ l = Dihh-,~h, 

v~k P~h 
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F ~_ k jm v~ l = Fri~, "------k-~ l = M . - , ~ , ~  �9 
o~.~ Pi~ 

2.2 ' .  F o r  the k - th  componen t  of  the (n, m) m e d i u m  the fol lowing c r i t e r i a  a r e  obta ined:  

Ok'~ 

l 
J[~ Pu _ Euh, - H%, V~p--~ l =Dhh- ,k ,  v~p~ 

6 k  _ Re o J ~ a -  l = , / I / l k k - , k ,  
vhpk V~ Pk 

AJ~a~ F~ l = Fr:,, l = D ~ , k  �9 
v--~-~ '" v~p, 

2 .3 ' .  F o r  the i - th  phase  of the (n, m) m e d i u m  the fol lowing c r i t e r i a  a~:e obta ined:  

"/l~- P~ = Eui, v;__.x_x = Hoi, ~ l = D . - , ~ ,  
I vl Pi 

J~ ~ _ Re o " l = M u - , ; ,  v? 
v~p i ~ P1 

F---L l = Fri, J~aik _ Di~k. 
v2. 

t V~Pi 

2.4 ' .  F o r  the (n, m) m e d i u m  one has  the fol lowing c r i t e r i a :  

v___~x = Ho, ._K_P = Eu: J*fl =Dz, , ,  
l v~p v2p 

=ReO, __F l = F r .  
vzp v ~ 

The c r i t e r i a  He, Eu,  Re  ~ and F r  in the (n, m) m e d i u m  a r e  d e t e r m i n e d  by the r a t io  of f o r c e s  as  in the 
case  of a s i n g l e - p h a s e  o n e - c o m p o n e n t  med ium.  One has  four  d i f fe ren t  g roups  of c r i t e r i a  whose  equal i ty  is a 
n e c e s s a r y  condit ion fo r  the s i m i l a r i t y  of the t r a n s f e r  p r o c e s s e s  of the m o m e n t u m  in two (n, m) media  d e p e n d -  
ing on whe the r  the f o r c e s  ac t  on the k - th  componen t  of the i - th  phase  o r  m e d i u m ,  o r  on the i - th  phase  of the 
med ium,  o r  on the med ium.  The c r i t e r i a  r e f e r r i n g  to the m o m e n t u m  t r a n s f e r  by phase  o r  by m e d i u m  c o m p o -  
nent  o r  by the en t i r e  med ium a r e  de r i va t i ve s  of the c r i t e r i a  fo r  the k - th  componen t  of the i - th  phase  in a c c o r -  
dance  with the r e l a t ions  

Eu = E~-I i [~iv~ %Eui = ~ ,k [~iV~h@ik" qhEulk = v2 

One has  s i m i l a r  r e l a t ions  fo r  Re ~ and F r .  

Side by side with these  c r i t e r i a  and the complexes  of s o u r c e s  of m a s s ,  the s i m i l a r i t y  of the t r a n s f e r  of 
m o m e n t u m  in two (n, m) media  a l s o  r e q u i r e s  the ma in tenance  of  the equal i ty  of  the d imens ion l e s s  complexes  
Dikk- , ik ,  Di i - ,k , ik ,  Dkk- ,k ,  andDi i - , i , k .  They  r e p r e s e n t  the r a t io  of the changes  of loca l  f o r c e s  due to the 
p r e s e n c e  of m o m e n t u m  s o u r c e s  with c h e m i c a l  r e ac t i ons  taking p lace  and phase  t r ans i t ions  to the f o r c e s  at  the 
c o r r e s p o n d i n g  ve loc i t i e s .  F o r  the l a t t e r  one has  the fol lowing r e l a t ions :  

i 

The complexes  DkAik,k,  DiAik,i ,  and DAi e s t i m a t e  the ef fec t  of diffusion r a t e s  and of he t e rogene i t y  of the 
(n, m) m e d i u m  on the m o m e n t u m  t r a n s f e r .  
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/~ is the true volume concentration; 
p is the density; 
P is the pressure  of external forces;  
p is the normal pressure ;  
a is the tangential s t ress ;  
j is the flow density of substance; 
J is the substance source; 
F is the volume force. 

I n d i c e s  

i is the phase; 
k is the component; 
d is the diffusion; 
m is the mass;  
q is the momentum; 
* is the dimensionless quantity. 
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